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In this paper, dimension the derivations of a third class of Leibniz algebras are discussed and studied. For L € TLb,,,
we have n + 1 < dimDer(L) < 2n — 1 are deduced.

1. Introduction

In 1993 Loday discovered a generalization of Lie algebra called a
(left) Liebinz algebra, where every left multiplication operator is a
derivation.There is the concept of right Leibniz algebra, where every
right multiplication operator also is a derivation([1, 2]).The anti-
symmetry condition of the Lie algebra ([u,u]=0) not necessary to be
hold in a Leibniz algebra, hence Leibniz algebra is a non commutative
analogue of the Lie algebra. Derivations of low-dimensional Leibniz
algebras were studied by Rakhimov and AL-Nashri up to dimension
eight([3-6]). Also, they studied general derivation for tow classes (
First and Second ) of Filiform Leibniz algebras ([7, 8]). In this work
we describe general the derivations of any algebra from third class of
filiform Leibniz algebras (L € TLb,).The outline of this paper is as
follows: in Section 2 we present some preliminary results on the
Leibniz algebras, basic definitions and properties are given. In Section
3 we study dimension of the derivation algebra in third classes as
following TLb,, =U?Z1 T,,,_,, where Ty is a sub classes of TLb,,, with
the derivation algebras of dimensions k. We study only one subclass
from each this series, and the other cases are similar.

2. Preliminary Results

In this section we provide some basic definitions and properties of
Leibniz algebras, and focus on so-called filiform Leibniz algebras.

Definition 2.1 (see[9]) An algebra L over a field K is called a
Leibniz algebra if its bilinear operation [.,.] satisfies the following
Leibniz identity:

[x, [y, 2]] = [[x, y], 2] =

From now onwards, all algebras are assumed to be over the fields
of complex numbers C. Throughout the paper, we denote by L the
Leibniz algebra, and let us use the following sequence: L' = L, L+ =
[LK, L], k > 1.

Definition 2.2 (see[10]) A Leibniz algebra L is nilpotent if there
exists s € Nsuchthat L' 512 5 .- 5 LS = 0.

Definition 2.3 (see[11]) A Leibniz algebra L is filiform if
dim(L') =n—i,where n=dimLand2 <i<n.

[[X»Z],y], \4 xX,Y,Z € L.

Definition 2.4 (see[12]) A C-linear transformation d of a Leibniz
algebra L is called a derivation of L if

d([xyD) =[dx),y] + [x,d(y)] ¥V x,y €L
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The set of all derivations of an algebra L is denoted by Der(L). We
also, denote by Leib,, the set of all (n+1)-dimensional filiform Leibniz
algebras.

Theorem 2.1 Any (n + 1)-dimensional complex Filiform Leibniz
algebra L admits a basis {eg, e, -+, e} called adapted, such that the
table of multiplication of L has the following form, where non defined
products are zero:

TLb, =

e, e1] = ejr1, 2<ign—1,

[en, €] = =€, 3ign—1,

[er, e1] = 0.6y,

[er, e;] = —e3 + Ozen,

[ez,e2] = Ozen,

lei. ] = —[ej, ei] = Breirjur + Baeivjiz + o+ Proic /env 2gign—-2,
j <n— l,

[eilen+1—i] = _[en+1—irei] = a(_l)Hlen' 2gign—-1

algebras from TLb,, and denoted by L(0,,0,,65,q, ...
i=012..n—-1.

,B;) where

Theorem 2.2 describes the derivation algebras of elements from
TLb,,.

Theorem 2.2 If L € TLb, then
dimDer(L)

sif (6, =0,6,=00,=0a=0B+00<i<n—1
1 {Dif {e, #0,0,=0,0,=0,a=0,4=00<i<n—1

.if {91 #0,6,=0,0; #0,a=0,4=0, 0<i<n—1
m-2 Yeif {91 #0,6,=0,0,#0,a#0,3=0, 0<i<n—1
(6, =0,0,=0,6,=0,a%0,p#0, 0<i<n—1
2n—3 {le{
_ {'. {91 #0,0,#0,0; #0,a #0,5 =0, 0gign—-1
m-a "
> if {e, =0,6,%0,0; #0,a=0,4%00<i<n—1
42 > if {91 =0,6,%0,0,=0a=0,8#00<i<n—1
.if {9, #0,0,#0,0; #0,a #0,5,#00<ig<n—-1
n+1 .if {91 #0,60,#0,60; #0,a=0,5+00<ign—-1
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Proof of Theorem 2.2. We limit our proof to the case where 6, #
0,0, #0,0; #0,a # 0and B; + 0,0 <i < n— 1. The other cases

are treated using the same strategy. Assume that d(e;) = X7, dl." e,
where j = 1,2. Since, [e4, e1] = 6,e,, We have

d(ez) = (d2 +dbes + d3e4
YEF diBE_i—y)ex (3)
+(di_y +d30; —dy_ga + 2P di A ))en

Now, we will compute d(e,) using the same method like d(e3).
Since [e3, e;] = e, then

s (di_q +

d(e,) = gil([d(el).e1]+[e1.d(e1)])
— LEn, dieuen + e S died) d(es) = [d(e3), e1] + [e3, d(eq)]
T 6 v v i n 3 n 1
N d3e;, e ]+ [es, ¥, dle;
— e e + (5 dies )+ o] + ey ) + Lo S dfe eved ¥les 2 dicl
= Xt diej, e ] + dien, eq] + difes, eq] +
= %(dl[el'el]-"d%[emel] +difes, e] + d3les e.]) [63,Z?=2 dilgi]L 3 diev el nlem el iles el
= B_I(Zd% ler, e1] + d3([e e1] + [ey, €2])) n-1 n-3
= ;- (2di6; +d}6y)e, = Z diei1 + diley, €] + difes, ] + Z di[es, ]
=3 i=2
That is l )

d(ey) = (2d} + d} 92)en 1)

Since [ey, e1] = e3 then
d(es3) = [d(ez), e1] + [e2,d(e1)]
= [l d'zei' er] + e Xl d-lez]

= dj[ey, 1] + [X1es diej, eq] + difes, €] + dj[ez, €] +
[le Z?:S dl. el]

= (di +dD ez e1] + X155 dieps + di[ez 5] +
Z?=_32 dll [eZ' ei] + dn—1[32: en—l] + dn [ez; en]

Now we make use Theorem 2.1 accordingly

[e2.ei] € span (e, €43, ..., 8,) thend B2, , €Ck=1i+

2,i+3,..,n, such that [e,e;]] = Y ;. BZ_i_zex - Hence
Y5t diles o] = XI5 di Yieiva Bi-iaek
— -2 1p2
= 2i%3 Lk=i+2 di B—i—2€xk

To invert the sums of double summations, we use

{3<i<n—2 @{5<k<n @
i+2<kgn 3<igk-2
Now, using (2) we get:
Y difer €] = Xies (2?;32 di Bi-i-2)ex
Due to Theorem 2.1 we have:
[eZ'en] =0,
[ez en1] = (— 1)3aen = —aey,
[ez,e1] = €3
[e2, €2] = Ozey.
summing up
n-1
dles) = (@3 +dDes +dl0sen+ ) diyei+ disen
i=4
n k-2 '
+) Q. At en —dhoae,
k=5 i= 3
n-1 k-2
= (&3 +dbes +Z d2yei+ Z (Z diBE-i2)e
n-— 2
oy + 30y — et ) B e
i=3

n-1 k-2
= @+ dDes + dde+ Y (dhy+ Y difE e
k=5 i=3
n-2

H( o+ 30y — dhgat ) iR en

i=3

Finally,

+dy_sles en2] + di_s[es, en_1] + difes, e,]
Using Theorem 2.1 we have:

{[ s die,e] =X diey
[63' 91] =€y
[63' €n— 2] = a( 1)4311 = ey
[e3,en_1] 0
[eren]
Therefore
d(€4) - Z d3 1€i + d -16n + d%[e3, 61] +

2?;23 d [63' el] + dn—zaen

=die, + X1 d} qe+di_jen + 215
d}z—zaen

3 diles, e] +

According to Theorem 2.1

[es,e;] € span (€43, €44, ...,€,) therefore 3 B2, € Ck

=i+3,i+4,..,n such that [e3 ¢;]
n
= Bit-i—zex -
k=i+3
Now we have
Y dies,e] =XI5 dl Xicivs Be-isek
= 2?2—23 K=i+3 dilﬁlg—i—ﬁk
To invert the sums of double summation, we use:
{?<i<n—3 (:){5<l.c<n_ @)
i+3<kgn 2<i<k-3
Now, we get:
Zl?lz—; dil[e3' ;] = Xi=s (Zk > dlﬂk i-3)€k
summing up

d(e,) =die, + Y1 d3 je; + d3

2?2_22 dl [83, el] + dn—zaen

—1én +

=dies + X1, : d3 18 + Xi=s (Z dlﬁk i-3)er +
dy_pae,

=(d}+dde, + TRt di_je +
Zﬁ;é (25{;23 d}ﬁg_i_3)ek + d}l_zaen

+(d$1—1 + d}z—za + Z?:? dilﬁ‘r?;—i—3)en .
Finally,
d(€4) = (di +d3)es + XiZ
Yk=s Z{{:3 dlﬁk—l—3)ek
+(d 1t dn 20+ Z?:? d}lﬁ‘l’?;—i—3)en

Now, we would like to compute d(es). We restart the same
computation like d(e,) and d(e3). We consider [e4, e;] = es, then

d(es) = [d(ea), e1] + [e4, d(e1)]

= [X, dieje] + [es Xy die]

d,%_lek +
()
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= [X15) die,e] + dilen e] + difes eq] +
les Zizz d e;]
=y
dn 3[64' en— 3]
+dy_zles en_2] + dy_i[es en 1] + di[es, e4]

Using Theorem 2.1 we have

L diej +difes, ] + X5 difes, €] +

(s diei,e] = XI5, difeyq
[es, €1] = €5
[64' en—3] = a(_l)sen = —aey

[es, en—2] =0
[es, €n-1]1 =0
[64' en] =0.
We get
d(es) = X1, diejq + difes, e] + X105 d[eq, €] —
d}L—3aen
=Yl adl e, +di_je, +difes el +
Z?=_24 d [84' el] dn—3aen
=dles + Y0 df je; + di
d‘rll—3aen

_qen + 215 dl [eq, 6] —

Using the Theorem 2.1 we get:

Since, [es, €] € span (ej44,€i45,...,8,) then 3 Bi_,_, €
Ck=i+4,i+5,..,n such that [ese;] = X% ;14 Br_i—slk -
Now we have
XI5 dilese] = X5 di Xioiva Bie—i—alk
n—4

n 104
k=i+a i Bi—i—atr

i=2

We can invert the sums in double summation, using

2ign—4 {6<k<n
{i+4<k<n “l<i<k-4 ©)
Now, we get:
XI5t dies €] = Xice (NS diBr—i—a)ex
Summing up:
d(es) = dies + Y15 df je; +dp_jen +
Zn ; dl[e4r ez] dy n-3@én
= (d} + d})es +2“ Ldt e+ di_je,+
n k—4
k=6 (Z = d .Bk—L—4)ek n—3aen
= (d} +d})es + X1 di e +
¢ OIS diBroi—a)ex
+(dpoy — disa + X755 diBr_i_4)en .
Finally,
d(es) = (df +d})es + X1 di e +
¢ OIS diBii—aex (7)

+(dn d}L 3a+zn * dlﬁn i—4)€n

A generalization of previous calculations can be written and a
general formula can be given as follows:

d(el) = (d} +d}TDey + Tpth (@] -
Zk = d1 k—i— /1+1)ek
+(dAZH+ (D ady gy, — XS diBAT e den . (8)

It is clear that this relation is true for A > 4. We consider, e, =
[en-1, 1] then d(e,) = d([en—1, €1]). So,

d(en) = [d(en-1), €1] + [en-1,d(e1)]
= [Nien-1 di” te e;),e1] + [en—1, Xi=1 dilei]

= d:{:%[en_l, el] +dnen 1] + difen—1,e1] +
d% [en-1,€2]

+en-1, Xizs die]

Due to Theorem 2.1 we have

[e‘nr 61] =0
[en-1,€;] = aey
L[en_1,2?=3 dz‘lei] =0.

Finally, we conclude that

!f [en-1,e1] = ep

d(ey) = (dP=1 + d! + adb)e, ©)
Now (1) and (9) give

47t =d + diE - a) (10)
On the other hand,

[e2, €2] = Oze,
Then

d(en) = 5 ([d(e2), e2] + [e2,d(e2)]))

= gi([ n, dZes, ;] + [, IIL, d7e])

5 (@3les, ] + [S1s dPey 0] + di[es, €3] +
[e2, Xiss dz ])

= 5. Qd[ez,e2])

= 5. (2d303)e,
Therefore

d(e,) = 2d2e,. (11)
Comparing (1) and (11) we obtain

di =di + dz( ) (12)

Also, using [e,_4, e5] = ae, we find
d(en) = 7 ([d(en-1), €2] + [en-1,d(e)])
([Z, Ln-1 A7 (er), ea] + [en—1, Xip diei])
= ;(drrll:%[en—l' ey] + dnen ;] + di[en_1, 5]
s die])
S((dp7h + dD)len—y, €2l + i
s die])
= ~((dp71 + d)en-y 2] + di
+len-1, Xis die])
d(en) = (df +dji=Den
Now(1) and (13) give

+[en—1;

Hen, €]

+[€n_1,
! [en' 62]
(13)
3=t = 2d} + (%) - d3 (14)
1
From (10) and (14) we get
d? =dia+d}l.

But, from (12) and (15) we find
di=0.

(15)

(16)
Again due to Theorem 2.1, [e4, e,] = —e3 + 6,e,, then
d(e3) = —([d(e1), ez] + [e1,d(ez)] — B2d(en))
= —([X1, die,e;] + [e1, X1, die;] — 6,d(ey))
= —(di[ey, ex] + [X1; diei ez] + di[ey, e5] +
[e1, XFes die;] — 2d36,ey)
—(diler, €] + [X15F diey en] + dy_q[en—1,e2] +
dji[en, 2] + d5[eq, e;]

36
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+ew, Xt d?e;] + di[eq, en] — 2d36,ey)

—((df +d3)[ey, e2] + [ dleez] + ady_yen
+[en, Xt d?e;] — 2d26,e,)

= —((d} +d})[e1, e2] + [X1F dieye] +ady_se,
— X5 dieiyq — 2d365ep)

= —((d +d3)[es, e2] + X157 di[e e2] + ady_en
— X1 dier — 2d50,en)

Again dule to Theorem 2.1,
span (€42, €43, ...,8,) hence 3 BZ_; , k=1i+2,i+
3,..,n such that [e;e,] = X% ;,, BZ_;i_,ex . Therefore we have

[ei, 2] €

Yt difene;] =X dfXioio Bioiaek
= Z?=_22 k=it2 d?ﬁi-i-zek
We can invert the sums in double summation, as follows
{?<l<n—2 (:){4<I'c<n 17)
i+2<kgn 2<ig<k-2

Hence, we get:

Y7 dife €] = Xhoa (XIS dlBR-i—2)ex
Thus,
n k-2
d(ey) = —(@ + BDene] + ) O A e+ adh e,
k=4 i=2
= drens — 2a36,e,)
i=3
= —(—(d} + ey + (@l + dhe, + ) (Y Ao+ adhe,
k=4 i=2
n-1
=) dens — 2d36,e,)
i=3
n k=2
= (@ + e — (@i + dD)be, = ) () diffir)e— adise,
k=4 i=2
n-1
+ den + 2d36,e,)
i=3
n-1 k-2
= (@ +dDe— Y O A iae +Z )
k=4 i=2
+(236, - adj, - (d} + d3)6, + diy - Z d3fii-2)en
n-1 n-1 k-2 =2
=@ +de+ Y de— ) () diftie
i=4 k=4 i=2
n-2
20, — adhy — (] + dD: + diy = ) diBa)e,
n-1 n-1 k-2 =
=@ +dDes+ Y die— Y O difiie
k=4 k=4 =2
n-2
+(2d36, - adly — (@} + d3)6; + diy — ) AL e
=2
d(e3) = (di +d3)es + Xi2; di—1ex —
1
Yizh G diBioia)ex (18)

+(2d36, — ad}_,
X5 ; dlﬁn i—2)€n -
Using (3) and (18) we conclude that

—(d} +d3)6, +d>_

37

d} =0,
d} =0,i=345,..,n—3 (19)
dn—; =0.
The matrix of d has the form D = (d})y,1=123,.n Where
d =0,
d' =0,i=345,..,n-2 (20)
d3 =d}.

Finally, dimDer(L) =n+1. O
3. Conclusions

In this paper, we describe and generalized all derivations of third
class of filiform Leibniz algebra. All derivations Fended between n +
1 and 2n — 1, where n is number of dimension.

The pervious are studied derivations in Third class of filiform
Leibniz algebra in low dimension from five to eight dimension only,
but in this paper, we generalized for any dimension.

In theorem (2.1) describe third class of Filiform Leibniz algebra in
(n+1)-dimensional, and theorem (2.2) describe the derivation algebras
which elements from TLb,,.
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